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Abstract 

We present two new classes of axisymmetric stationary solutions of 
the Einstein-Maxwell-Dilaton equations with coupling constant a 2 = 
3. Both classes are written in terms of two harmonic maps A and r. A 
determines the gravitational potential and r the electromagnetic one 
in such a form that we can have an arbitrary electromagnetic field. As 
examples we generate two solutions with mass (M), rotation (s) and 
scalar (5) parameters, one with electric charge (q) another one with 
magnetic dipole (Q) parameter. The first solution contains the Kerr 
metric for q = 5 = 0. 
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1 Introduction 



There exist in the Universe a great amount of astrophysical objects possessing 
gravitational and electromagnetic fields together. Such is the case of some 
planets and stars possessing a magnetic dipole field like the Earth or the Sun. 
The Einstein-Maxwell (EM) theory predicts the existence of gravitational ob- 
jects endowed with magnetic dipoles by means of complicate exact solutions 
fl|, 0. EM theory is actually not an unification's theory, since here the elec- 
tromagnetic field appears as energy-momentum tensor, there is in fact no 
explanation for its existence, it is put by hand and the electromagnetic field 
appears like a model. On the other hand, five-dimensional (5D) gravity is an 
alternative theory for understanding gravitational and electromagnetic inter- 
actions together. In this theory the electromagnetic field is a consequence of 
a more general unified field, it is not a model. Nevertheless, it contains an 
extra field not observed in nature, a scalar field called the dilaton. Scalar 
fields are not new in physics, they appear naturally in all the most important 
unified theories, like the Kaluza-Klein H and the super string theory, and 
it is put by hand in unified models like inflation or the standard model, but 
nobody has seen th em. In 0] it is shown that there exists a class of very 
simple static exact solutions of the Einstein-Maxwell-Dilaton field equations 
where the coupling constant a between the scalar field and electromagnetism, 
remains arbitrary. It possesses a gravitational and a magnetic dipole field; its 
four-dimensional (4D) metric behaves very similarly than the Schwarzschild 
solution but coupled with a magnetic dipole. They are very simple, but they 
posses a scalar field interaction arising from the compactification from the 5D 
space, which has not yet been observed in astrophysical objects. Neverthe- 
less, in [ffl it is shown that for these solutions the dilaton interaction cannot 
be measured in weak gravitational fields like the Sun, even if the Sun would 
posses one, but it could be probably detected in stronger gravitational fields 
like one of a pulsar. A star like the sun is essentially static, but a pulsar is 
essentially not, therefore it is worth to generalize this solution for a rotating 
body . One should expect that the scalar field interaction does not modify 
the interaction of test particles for non-compact bodies like the sun, even if 
the rotation is taken into account. But one expects that a rotating solution 
gives more inside in the behavior of rotating compact bodies. 

In ||, T. Matos developed a method for generating exact static solu- 
tions for the 5D Einstein equations with a G3 group of motion, putting the 
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solutions in terms of two harmonic maps, A and r. The harmonic map A 
determines the gravitational field and the harmonic map r the electromag- 
netic one. Therefore one can choose the electromagnetic field of a monopole, 
dipole, quadripole, etc. In this work we generalize a set of static solutions 
for a 2 = 3. The first class represents an electrically charged static body 
with mass and scalar field parameters, the second one represents a magnetic 
dipole with mass and scalar field parameters Q. We obtain their correspond- 
ing rotating solution using invariant transformations in the potential space. 
Unfortunately this method can be used only for a 2 = 3 or a 2 = 0, only in 
these two cases the potential space is symmetric (see ref. || ^]). This work is 
organized as follows. In section 2 we introduce the potential space formalism 
for 5D-gravity. In section 3 we write the field equations in chiral form. In 
section 4 we generalize the first class of solutions and in section 5 the second 
class. We write them in terms of two harmonic maps and give some explicit 
solutions in section 6. In section 7 we give some conclusions and remarks. 



2 Potential space field equations 

In this section we introduce the potential formalism for 5D-gravity. This 
theory is characterized by the existence of a Killing vector field X, which 
generate the U(l) gauge electromagnetic group. Introducing an extra time- 
like Killing vector field, Neugebauer |J introduced the potential formalism in 
5D-gravity. The field equations are then of stationary fields. This formalism 
consists in defining covariantly five potentials in terms of the two commuting 
Killing vectors X and Y, X being related to the U(l) isometry and Y being 
related to stationarity. The five potentials are (see also ref. ||) 

i 2 = K *=x' i x ll f = -iY^ + r l (x^) 2 

*l> = -I- 2 X^Y, e „ = e a ^X a Y?Y^ 

X,, = -e aPlSlx X a YPxr> s (1) 

being e a/ 3 7< ^ the Levi-Civita pseudotensor. In the adapted coordinate sys- 
tem where X = X A ^ = X, Y — Y A jK = A, one finds that ^ A = 

ax A ax° ' ax A ox* ' 

(/, e, ip, x, k), A — 1, 5 are the gravitational, rotational, electrostatic, mag- 
netostatic and scalar potentials, respectively. The five dimensional field equa- 
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tions in terms of the potent ials ([!]) can be derived from the Lagrangian |6]. [5| 



P 
2P 



V 



3 k 2 



(2) 

(variation with respect to ^ A ). Now we can define a 5D (abstract) Rieman- 
nian space V 5 , called the potential space, inspired on the Lagrangian (§) with 
metric 

2 dK 2 



dS 2 



2/2 



df 2 + (de + iPd X Y 



1 



k 2 dip 2 + \ dx 2 ) + 



3 K? 



(3) 



On V5, the five potentials are the local coordinates which define a symmet- 
ric Riemmanian space, i.e. the covariant derivative of the curvature tensor 
of V5 with respect to each coordinate, vanishes. 



3 The chiral form of the field equations 

Axisymmetry is represented by the existence of a third space like Killing 
vector field Z. Then one can choose a coordinate system in which the com- 
ponents of the five metric depend only on two coordinates. In this case the 
matrix representation of the 5D Einstein field equations in the potential space 
V 5 is 

(pg,z 9 + (pg-z g l ),z = o (4) 

where Weyl's canonical coordinates p and ( are related by z = p + i( and its 
complex conjugate z. Matrix g in (Q) is a symmetric matrix, element of the 
group SL(3, R), i.e. 

9 = 9 T , 9 = 9, det g = 1 (5) 

(T denotes matrix transposition). Using the invariant transformations of 
Lagrangian (^), we generate new solutions from a seed one. That means that 
if we have a solution of the field equation ^/ A , an invariant transformation 
(HD of the form — > v]> /j4 (\[/ B ) will give us a new solution (see ref. ||). 
All invariant transformations of (0) were found in ref. 0. The group of 
motion of metric (|3|) is SL(3,R), which has 8 parameters. The invariant 
transformations of Lagrangian (0) can be cast into the very simple form 

9 = Cg C T (6) 
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where the constant matrix C is also an element of SL(3, R). The matrix g 
can be parametrized in terms of the potentials flU) as 



/ f 2 + e 2 - fn*r 



9 



t - 

/K3 



— e 



— e 
1 

i 



X 



!(x 2 -* 2 /) ) 



(7) 



The correct choice of the C matrix in (0) will generate new solutions. We 



use this method for generating the Belinsky-Ruffini solution [10 



4 First class of solutions. Seed solution ^ A = 

(/,e,0,0X 



In order to obtain the new solution, we put the potentials ty A in terms of the 
components of the matrix g and its inverse 



1 K'i 



1 e + -2y/2ijj 

9~' L = -~\ e + X* / 2 + (e + X^) 2 - /X 2 «~ 2 2V2[fx^ 2 ~^ + X n 

(8) 

thus the potentials can be written as 

k! = ^, / 2 = ^, ^ = 2^^, 

922 ' J ffn S22 A 522 ' 

where ^ are the components of the matrix g, and g^ the components of the 
matrix g~ x . As seed solution we write f , e and k arbitrary and t/j = Xo — 
in matrix go in (^). Using the invariant tran sformations ([]) with the C 
matrix as 



/ a 


b 






(q 


p t\ 


(' 


e 
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V w 




h 








y z ) 



C=\dej\ = \uvw\ , (10) 
\i h k J \s y z J 

we evaluate matrix g using the relations @, obtaining 



_ V 3 f 2 _ /() 

™ ~~ ' ^ ~~ VW' 
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i 



with 
and 



2V2V 

y 2^/2 

A 

V" 



(ue + g)(we + t) + fo(wuf 
(de - e)(ze - h) + f (dif - \kjnl 
(ae - b)(de - e) + /„ (adf - \cjn 2 
= (q + ue ) 2 + f (u 2 f -8s 2 ^ 2 ) 
W = (de - ef + f (d 2 f - £ 



-2> 
/ 



(11) 



Solution ( pTTD is endowed with eight new free parameters. This transfor- 
mations ([U]) yields a solution for the potentials ^ A from an arbitrary seed 
solution without electromagnetism. If we want to obtain an asymptotically 
flat solution from a same one, we must fix some of the eight parameters (see 
ref |7[]). In general, one should give an explicit seed solution in ( |TT| ) and 
integrate equations ([I]) in order to obtain the corresponding metric in the 
space-time. In ref. M we gave an example. Here we provide a general inte- 
gration for a special case of matrix C. There exists a class of solutions which 
can be integrated for any seed solution. This class is derived from the matrix 



C 



M 




(12) 



with det Cm = Q 1 — s 2 = 1. Substituting Cm into (pH|), the five potentials 
\H read 



f 2 



q 2 -8s 2 f K Q 
.t(„1 



^ = «o(g 2 -8s 2 f K 2 ), ip 



1 g^(i-8/pK ) 

2V2 9 2 -8s 2 /o«o 2 ' 



(13) 



Using definitions ([[]) we can integrate ( |T3"D to obtain the space-time metric, 
we arrive at 



d5 2 



/o/o 



e dzdz + (# 



033 



T/0 2 



+ 2- 



-(it 



,, r 2 V '2. S '/„;. ,/„ 



> _ qs 1 - 8/o «, 2 

T "^2^ T 



/ / T 

„u , J„5l2 



dt + dxT, 



(14) 



where T = q 2 — Ss 2 foK 2 (a subindex means seed solution). 
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Stationary seed solutions of the Einstein equations in terms of harmonic 
maps are well-known (see ref. || they are written in terms of the Ernst 
potential £ = f + ie. These seed solutions can be substituted into 
in order to obtain the metric in terms of harmonic maps. Let us give an 
example. We start from the Kerr-NUT solution together with a k potential 
as a seed solution given by 



fo 

a cos 9 + / 



ui— 2mr— 21L+ 



2(mL + -lr) 

UJ 

a cos 9 — 1, 



K 

uj - 



f r—m+a \ ^ 
\ r—m—a ) ' 

r 2 + (acos6» + If, 



(15) 



where r and 9 are the Boyer-Lindquist coordinates; constants a, m and I are 
the rotation, mass and NUT parameters, respectively. Solution (ITJp with 
seed solution (|T5|) is an axisymmetric stationary exact solution of 5D gravity. 
The resulting metric is 



dS 2 



uj—2mr—2lLj r 

1 / r—m+a 
D \r—m—a 



( ^ ( r 2 _ 2mr + L + L_ 

\r—m+a j v t 
4 



J2k, I dr 



+ d9 2 ) + 



x 



-{uj - 2mr + 2lL + )dt 2 + 



(Aqa(mr + I) sin 2 9 + 21 cos O^ ^ZlZtf+L dt d( P+ 

/ \ 25 

-A sin 2 9 D 



u)—2mr—2lL+ ' 



r 

i — m—a 
r—m+a 



] 2 (u — 2mr 



21L + ) ( 



4a sin 2 6 (mr+l)+2l cos B A s 



-2mr+L-\-L- 



)'1 <&} 



r — m+cr 
r—m—a 



^(A 3 (fy + At dt + dx 5 ) 2 



+ 



(16) 



where 



D 



A 3 = -2V2(^^) 25 ( 

d V r—m—a J v 

A 4 : 



qs 



4a sin 2 9 {mr+l)+2l cos 9 A \ m-2mr+2lL+ 
r 2 -2mr+L+L- > D 

26 -8(u)-2mr+2lL + ) 



r — m-\-a 
r — m — a 



j r—m+a \ 
\r—m—a J 



2,S 



2V2 

Is 2 (to 



2mr 



D 

21L A 



A 



2mr + a 2 — I 2 



(17) 



( yV + (C - m) 2 + ^p 2 + (C + m) 2 ) -Am 2 
^{p 2 + {(-rn) 2 ][p 2 + {( + m) 2 ] 
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with 



P 



yr 2 



2mr + a 2 — I 2 sin 9 and £ = (r — m) cos 0, (18) 



Here m, a, g and a are constants related by the restrictions a 2 = m 2 + I 2 — 



a , r ■ 
diag(l, 



- s = 1. Metric ([16]) reduces to the Kramer metric 
1, 1) and / = 0, to the Kerr metric for C = diag(l, 1,1), 



and to the Belinsky-Ruffini [|ItJ solution by setting 5 = |, I 



Q for C = 
1 = 0, 5 = 0, 
0. The study 



of singularities of metric (|16"D will be given elsewhere [12 



5 Second class of solutions. Seed solution 

*- 4 = (/,o,o, x> k). 

From the astrophysical point of view, magnetic dipoles are more interesting. 
Now we start from a magnetized static seed solution, with /, X an d k ar- 
bitrary and e = ip = 0. In order to obtain the new solution, we proceed in 
the same way as in the case before. Thus, we find the expressions for the 
potentials 

A - 4M-k^ f 2 - -3l f 2 

K ~ ^A K J ~ ABh 

* = -vh{ m fo + 8 <h + ^k Xo ) + j[2V2h X o + Kxl ~ fo4)\] 
e = ^{Sadf 2 + 8be + 2 v / 2xo(&J + ce) + cj( X l ~ fo4)} 
^ = "4^fl{^ K o + u ^(fo4 ~ foXo) + 2V2foXo(ws + uz) - Szsf \ 

(19) 

where 

A = -^{8rf 2 /o + e(8e + 4V2~JXo) + f(xl ~ /o«g)} 

B = ~\{q 2 4 + u 2 (f*4 - foxl) + 4s/o(V2mxo - 2s)}. (20) 

and again, we integrate solution (|20|) for any seed solution using matrix flT5[) . 
So the solution in the potential space takes the form 

4 A 1 

K i = K 3 ( q 2 - 8s 2 /o^o 2 ) , X = QXo, e = ^y^ s Xo 

f _ fo J. _ 1 9«(1-8/ok~ 2 ) 

J A / (? 2_ 8s 2 /oK -2' V 2^ ,j2-8s2/0«0 2 ' 
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(21) 



In the space-time, solution fl2~l|) can be integrated to obtain 



dS 2 



UT 1 2^dzdz + 



fo t\ 



_ 2^4o3/o d(j)dt _l Srdt 2\ 



+ P { ^ d(j) - dt + dx 5 



(22) 



where T = q 2 — 8s 2 foK 2 and the electromagnetic four potential is given by 



A, 



03 



q 2 - 8s 2 f n 



and Aa 



-qs(l - 8s 2 f K 
2 v / % 2 - 8s 2 M 



-2\ 



o 2 ) 



(23) 



with A\ = A2 = 0, and the scalar field fulfills the identity J 3 = k 2 . We can 
combine solution (^) with the seed solutions in terms of harmonic maps, in 
order to get rotating solutions with arbitrary electromagnetic field. This is 
done in the next section. 



6 Explicit solutions 



In this section we apply the results given in ref. [fL3 |, were static solutions of 
5D gravity were written in terms of two harmonics maps A and r. In J03], 
many classes of solutions in terms of one and two harmonic maps were found. 
Here we give only one example. There exist two subclasses of static solutions 
of five-dimensional gravity which are very similar to the Schwarzschild space- 
time (see ref. [0). These subclasses were generalized for any dilaton theory 
in |[L5|| . Here we use their five-dimensional version. The static metric reads 



14], [15 



ds 2 = j U^g^j^ + gl r 2 (e 2 ^d6 2 + sin 2 9 d<f> 2 ) 



— ^- dt 2 \ + 

922 J 



J 2 (A 3 d(j) + dx 
A 3 ,c = Qpr<; , A$,c = ~QP T ,c . 



5\2 



h 3 e T ° 7 



2m\ J 



)g\ 



22 



(24) 
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The fractions g 22 , k s and k e for the subclass a) are 



g 22 = a^ T + a 2 e^\ 

Kx = ^2 ( A -C _ r o r ,c) 2 ' = -Piq^irc) 2 , r = q 1 + q 2 , 

and for the subclass b) are 

C/22 = OiT + 1, fc s ,£ = ^2"(^,C) 2 ' fc e = 0, T = 0, 



where ( = p + i z = \Jr 2 — 2mr sin 9 + i (r — m) cos A= Aidx 1 , z = 1 , . . . , 4 
is the electromagnetic four potential, m the mass parameter, 7 = |, /3 = |; 
Q, ai + a 2 = 1, 51 and q 2 are constants subj ected to the restrictions 

27flia 2 (gi - q 2 ) 2 + /CqQ 2 = 

for the subclass a), and 

2 7 a 2 - k 2 Q 2 = 

for the subclass b). Metric ( p4"|) is convenient because we can interpret m as 
the mass parameter, g 22 as the magnetic field contribution to the metric and 
the expression between brackets {...} as the four-dimensional space-time met- 
ric. Hence metric (|24|) can be interpreted as a 5D magnetized Schwarzschild 
solution. Reference ]nj enlists a set of solutions of the harmonic map equa- 
tion (/?Tf ) j + (pr^)x = anci their corresponding magnetic potential A3. 
The harmonic map A determines the gravitational potential, while the har- 
monic map r determines the electromagnetic one. For a magnetic dipole, the 
harmonic map r and its corresponding magnetic field read 

cos^ Q(r — m) sin 2 9 

(r — m) 2 — m? cos 2 9 3 (r — m) 2 — m 2 cos 2 9 

In general, r can be chosen in order to obtain monopoles, dipoles, quadripoles, 
etc. 



6.1 Mass and angular momentum 

Now we substitute the values of c/o33j gou and A 03 from metric fl24|) for an 
arbitrary electromagnetic field, i.e., we substitute (|4]) into the metric (^) 
to obtain 
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dS 2 = U T\ e^+^gU-fk + r 2 d9 2 ) + 



^ zm 



[T\ gl 2 r ^(ks+k e ) gin 2 q _ *^A 2 03 — 

I — 1 2m i 2m I 

-^sAa^-^d(f)dt- ^r-^ dt 2 }+ 
J 2 UAw d<f> - f (1 - 8^e-^(l - ^) 2 fe ) dt + rfx 5 



2 



(26) 



where T = q 2 - 8s 2 4e- rt,T (l - — ) 2 ^ 22 and q 2 - s 2 = 1. Metric pi) is an 
exact solution of 5D gravity. Setting s = we recover the seed metric (|24]). 
For the magnetic field (|25|) , we can obtain the mass and the electromagnetic 
parameters. For both subclasses a) and b), metric ( p6|) cont ains the mass 
parameter 

r 8s 2 l 

M = m 1 + — = gm. (27) 
hr J 

and an angular momentum per unit of mass given by 

a = 777> ( 28 ) 

provided that h = 2. 

6.2 Electromagnetic field components 

For the magnetic dipole, the non-vanishing components of the electromag- 
netic four potential read 

qQ(r-m) sin 2 9 qs{l - ^e~^ {I - 2 -f ) 2 g 22 ) 

3 ~ T[(r - mf - m 2 cos 2 0] ' 4 ~ 2v/2T (29) 

which correspond to a dipole magnetic field with magnetic charge 

Qm = qQ, (30) 

for both subclasses a) and b). 
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7 Final Remarks 

We have found two classes of solutions of five- dimensional gravity. The first 
one can be generated from any vacuum solution of the Einstein equations, 
plus a scalar field, the result is a charged solution of five-dimensional gravity. 
In fact, if we write the seed metric in Papapetrou form 

dS 2 = ^{^r[e 2ko dzdz + p 2 d<p 2 ]- f (dt + A d(f)) 2 } + I 2 dx 5 ' , (31) 
-'o Jo 

the resulting metric reads 

dS 2 = j{j[e 2ka dz dz + p 2 dcf> 2 ] - f(dt + qA d<j)) 2 } + I 2 (A 3 d<j> + A A dt + dx 5 ) 2 , 

(32) 

with the functions /, I, A 3 and A A given by 

/ = 4, i = i tK 

1 2 

, 2V2sf,A G qs 1 - 8g 2 / / - 3 

A 3 = Aa = = . 

T 2^2 T 

The second class can be generated from a seed static solution of five- 
dimensional gravity which posses magnetic field, i.e. 

dS 2 = )-{he 2k »dzdz + p 2 d<f) 2 ] - f dt 2 } + I 2 {A 03 d<p + dx 5 ) 2 , (33) 
-*o Jo 

giving as result a rotating solution 

dS 2 = j{j[e 2k °dzdz+p 2 d(P 2 ]-f(dt-2V2sA 03 d(P) 2 }+I 2 (A 3 d(P+A 4 ^ 

(34) 

with the functions /, I, A 3 and Aa given by 

/=4, I = IoTK 
1 2 

a _ 9^03 . qs I- 8s 2 f I 3 

^3 — m ^4 — 



2V2 
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With the first class we generated some well-known solutions as the Belinsky- 
Rufini space-time. This latter solution is not a Black Hole since the scalar 
field forms a naked singularity because the scalar field parameter 5 is fixed. 
We suspect that our solution ([16]) contains Black Holes for different values 
of 6. At last the Kerr Black Hole is contained here for I = 5 = 0, but we do 
not know at the moment if other Black Holes are contained in metric fll6|) . 
The behavior of this metric is in some sense similar to the Kerr-Newman 
Black Hole. It contains a magnetic dipole moment which vanishes for the 
rotation parameter a = 0. This means that the magnetic dipole is provoked 
by induction from the electric field. ( |I6"D represents a rotating electrically 
charged mass, with an induced magnetic dipole. The second class of solutions 
is quit different. If the rotation parameter s vanishes, the solution becomes 
static and the magnetic field is just of a magnetically charged sphere, but 
the electric charge vanishes as well. This means that here the electric charge 
is induced by the rotation of the magnetic dipole. This solution represents 
a rotating mass with a magnetic dipole charge. Quit surprising is that the 
magnetic field does not alter during the rotation, which can be seen from 
relations fl21"|) . Nevertheless, there is no way to conserve the rotation dropping 
out the magnetic field, because if Q = 0, then the rotations parameter a 
vanishes as well. 
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